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We study a finite range spin glass model in arbitrary dimension, where the intensity 
of the coupling between spins decays to zero over some distance 7 -1 . We prove that, 
under a positivity condition for the interaction potential, the infinite-volume free 
energy of the system converges to that of the Sherrington-Kirkpatrick model, in the 
Kac limit 7^0. We study the implication of this convergence for the local order 
parameter, i.e., the local overlap distribution function and a family of susceptibilities 
to it associated, and we show that locally the system behaves like its mean field 
analogue. Similar results are obtained for models with p-spin interactions. Finally, 
we discuss a possible approach to the problem of the existence of long range order 
for finite 7, based on a large deviation functional for overlap profiles. This will be 
developed in future work. 

I. INTRODUCTION 

Since their first introduction by van der Waals in the second half of the 19th century, 
mean field theories offer a simplified setting to understand the complex collective phenomena 
underlying phase transitions and low temperature ordering. These theories, it appeared very 
soon, are plagued by several pathologies, which can be traced back to the fact that the finite 
range character of the interactions is neglected. For example, mean field theory predicts 
the possibility of low temperature ordering, independently of the space dimensionality. In 
addition the free energy, in principle convex in extended system, can present non-convexities 
at mean field level. In a series of classical papers Kac, Uhlenbeck and Hemmer jl( stressed the 



role of the interaction range in these pathologies. Using a one-dimensional model for liquid- 
vapor transition they showed that in the so-called Kac limit |2|, when range of interaction 7 _1 
is sent to infinity after the thermodynamic limit, while the total interaction strength is kept 
constant, one recovers the van der Waals theory complemented by the Maxwell construction, 
thus eliminating the unphysical non-convexity of the thermodynamic potential. It was also 
shown that coherently with general principles, while the free energy for finite 7 is close 
to the corresponding mean field value, the phase transition only appears for 7 _1 — > 00. 
The comprehension of the question was considerably extended by Lebowitz and Penrose (^J , 
who could study the Kac limit in great generality for any value of the spatial dimension, 
confirming the validity of mean field theory with Maxwell construction. The last decade has 
seen a renewed interest in Kac models, which have been used as a starting point for rigorous 
expansions around mean field. Remarkable progress have been achieved in the analysis of 
models with large but finite range of interaction, both for systems without quenched disorder 
(ferromagnets Q| \^ and liquid models Jfj [} and with quenched disorder as the Random Field 
Ising Model []| and the Hopfield model a]. 

A case where the application of the mean field theory to spatially extended systems is 
particularly controversial is that of spin glasses. In that case, the mean field theory based 
on the Parisi solution (t| of the long-range interaction model of Sherrington and Kirkpatrick 
(SK) predicts a low temperature glassy phase with ergodicity breaking, not associated 
to any physical symmetry breaking. In particular, there is a transition to a low temperature 
non-ergodic phase even in presence of a field breaking explicitly the spin reversal symmetry 
of the Hamiltonian. This results in an organization of the low free energy states which gives 
rise to complex statistical properties of the so-called overlap distribution function, describing 
the probability law, induced by the Gibbs measure and the quenched disordered couplings, 
of the scalar product among configurations. This picture, correct for the mean field SK 
model, has been challenged, in the case of finite dimensional models, by phenomenological 

n n 

theories based on scaling arguments -the droplet picture [H| [12J of the spin-glass phase- 
that predict the absence of Parisi ordering in any finite dimension. According to this point 
of view, the spin-glass transition just corresponds to spin-reversal symmetry breaking and 
consequently cannot be present in a magnetic field. Years of theoretical debate, experimental 
results, accurate numerical simulations and even rigorous arg uments Q have failed to give 
a conclusive answer to the question. 



2 



It is natural in this context to look at spin glasses with Kac-type interactions, as a tool to 
study the relation between mean field and finite range. Spin glasses with Kac interactions 
were to our knowledge defined in Q], where it was shown that their free energy converges in 
the Kac limit to the mean field value for sufficiently high temperature, and later considered 
in Q], where the result was extended up to the critical temperature T c = 1 of the SK model. 
Little progress was made until the introduction of interpolating techniques by Guerra and 
Toninelli in the rigorous study of disordered systems. Through those methods, it was first 
proven that the Kac free energy is, for a large class of Kac potentials, bounded from below 
by the one of the SK model Finally, joining the interpolating technique with the idea of 
dividing the system into large blocks where it essentially behaves like the mean field one j^] , 
it was possible to show the convergence of the free energy to the SK one for all temperature 



The scope of this paper is to give full details of the proofs of the results in [16|, [l7| 
and to discuss the implication of the Kac limit for local quantities. In particular we will 
discuss the properties of the local overlap probability distribution and local susceptibilities 
and show that for small 7 they are close respectively to the overlap probability distribution 
and susceptibilities of the SK model at the same temperature. As a further extension, we 
generalize these results to the case of Kac spin glass models with p-body interactions, where 
p is an even integer. 

The present work is organized as follows: in Section [H] we define the models and state 
the main results. In Section IIHI we prove convergence of the free energy to the mean field 
limit, when 7 — > 0, while in Section IIVI we prove convergence for the distribution of the 
local overlaps. Finally, in Section |V| we outline a possible strategy to study the occurrence 
of long-range order in finite range spin glasses, when 7 is small but finite. This requires the 
introduction of a large deviation functional for the profile of two replicas. This strategy will 
be pursued in a forthcoming paper 
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II. THE MODELS AND THE MAIN RESULTS 



A. Spin glasses with Kac-type interactions 



suited 
for 
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In this section we define a finite range version of the p-spin spin glass model wel 
to study the Kac limit. We remind that the original infinite range model is defined 
an integer p and some magnetic field h G R, by a set of N Ising spins <7j = ±1, i = 1, N 
interacting via the Hamiltonian: 

j j N 

H^ ) {a,h;J) = -^l^^ I Jh-i p Vh---Vi p -h^2(Ti, (1) 

l<ii<--<i p <N i=l 

where the couplings J% x ...i v are independent identically distributed (i.i.d.) Gaussian random 
variables with averages 

EJ h ... ip = EJl.. lp = 1. (2) 

For p = 2 one recovers the usual SK model. 

We propose a generalization of the model to the <i-dimensional lattice 7L d . Throughout 
all the paper we will assume periodic boundary conditions for convenience, in order to 
ensure translation invariance. Therefore, we will always consider the system on Tl, the 
(^-dimensional discrete torus of side L and cardinality N = L d . Given 7 > and a family 
r — 1, • • • ,p of i.i.d. Gaussian random variables with averages as in fl2J), we 
define the finite volume Hamiltonian for the p-spin spin glass with Kac-type interactions as 

H^\a, h- J) = -K^\a; J)-hJ2*i (3) 



h,-,i P £T L i£T L 



Here, 



w ^ • • • ' 7) = (4) 



and 



^(7)= 



(5) 



\k£T L 

where f/>(|x|), x G M. d , is a non-negative function with compact support, 

if>(\x\) = if \x\ > 1, 



sufficiently regular to be Riemann integrable. 

For 7 ~ 0, it is immediate to see that one recovers the usual form 3] for the Kac potential, 
i.e., 

W W(i,j;j) ~ 7 d 0(7K-j|), (6) 

where in our case 

On the other hand, the reason for the particular choice is that it guarantees that w^ 2 ' is 
positive definite, i.e., 

w^iiJ-^ViVi > V Mier^Vi G K, (8) 

and that a suitable positive definiteness property, implied by Lemma El below, is satisfied by 
w^ p \ for any even p. This property will turn out to be essential in proving our results. 
It is easy to realize that the potentials satisfy the following properties: 

1. invariance with respect to translations on the torus: 



w {p \ii,---,i p ; 



1 )= w (p){ ll + k ,...,i p + k- 1 ) VkeT L (9) 



2. finite range of order £ = I/7: 

w^ih, ■ ■ ■ , i p ; 7) = if 3 a, b : \i a - i b \ > 2£ (10) 

3. normalization: 

w^(i 1 ,---,i pil ) = i VheT L , (11) 

and 

^2 w {p \ii,- ■ ■ ,i p ;^) =w {r \ii,---,i r ;-i) Wi ir --,i r eT L , (12) 

! r +i,'",i p £Ti 

for 1 < r < p, 

besides of course symmetry with respect to index permutation. Note that w^'ii;^) = 1. 
Note also that, while ; 7) in principle depends on the size of the system, this 

dependence disappears as soon as L > I/7 and is therefore inessential in view of the fact 
that we consider the limit 7^0 only after L — > 00. 
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Remark All the results of the present paper extend to the case where ^(M) is only 
assumed to decay sufficiently fast for \x\ — ► oo so that 

< C\x\- d ' 5 , (13) 

for some 5, C > 0. A similar condition was required in P|. 

For a given inverse temperature /3, we denote as Z^\[3, h; J) the disorder dependent par- 
tition function of the model (jBJ), by (.) the corresponding Gibbs average, and by f^'^ift, h) 
the finite volume quenched free energy 

f ( r\P,h) = -^- d E\nZ^\p,h;J). (14) 

Our first result shows that, generalization of and H, the free energy of the Kac 
model tends, for 7 — > 0, to that of the corresponding mean field model. Let us first of all 
redefine the Hamiltonian (QJ in a slightly different way, in order to make the comparison 
with model (JSJ) more straightforward: 

HP(a,h;J) = -KP(a;J)-hJ2^ = - £ Jj^fc^ '''<>*> ~ h Y< ^ 

whose partition function will be denoted as Z^\f3, h; J). Of course, in this case the geomet- 
rical structure of the lattice and the space dimensionality are completely inessential. Then, 
the following holds: 

Theorem 1. For any /3,h and p even, and for any choice of the function if) in the 
following limit exists and satisfies 

lim / (p ' 7) (/5, h) = lim lim /£ ,7) (/3, h) = / (p) (/3, h), (16) 

7^0 7^0 L— >oo 

where f( p \/3,h) is the infinite-volume quenched free energy for the mean field p-spin spin 
glass with Hamiltonian (fj.5)). i.e., 

fW(p,h) = lim f^\(3,h) ee - lim -±-E\nZP(P,h; J). (17) 



Remark The existence of t 
can be proven along the lines of 



re infinite-volume free energy 

2fl| . while for the mean field model (|TK|) the analogous result 
was proven m |2] „ , i,.,,,^ to remark that the methods wedevelop in tie present 
paper can be employed to obtain a new proof of the existence of the limit (JHj), see end of 
Section ILTT1 



B. Local observables 



The next natural question after proving the convergence of the free energy to its mean field 
limit, is to investigate in which sense the system has a behavior close to mean field for small 
but finite 7. In particular we would like to have informations on the overlap distribution 
function and its associated susceptibilities, whose non-trivial behavior characterize the Parisi 
order in mean field theory. As a first step we investigate the behavior of "local" observables 
on the scale I/7, for 7 small. We will show that on this scale the behavior of the system 
is close to that of the mean field model, in any dimension. The natural approach is to 
add suitable perturbations to the Hamiltonian, such that the averages of the observables 
of interest are given by the derivatives of the free energy with respect to the perturbing 
parameters. 

Given two configurations a 1 , a 1 of the system and k G Tl, let us define the "local overlap" 
In particular we will have in mind the case where ip is the Heaviside function 

VKM) = i{M~<i}, (19) 

\x\oo being defined as max^—i,...^ \x r \. In this case, W(j) — (2/ r y) 2d and Eq. (fT£J) reduces to 
the familiar definition 



d 



^^) = \V E ^ ( 20 ) 

ieT L :\i-k\oo<l/-y 

of the overlap in the cube of side 27 _1 centered at the site k. The Gibbs measure and the 
quenched couplings induce the probability distribution P^ n \q) for the overlap, depending 
also on j3 and h, which we write formally as 



P^\q)=E 



E. V2 exp [-f3H^\a\ h; J) - (3H^\a 2 , h; J)) 6(ql(a\ <x 2 ) - q) \ 



Z^\p,h;J)) ) 
As in (2^] we consider a family of perturbations associated to the function (j2~Tj) . and introduce 



(21) 



the Hamiltonian 



h- J) = -K^\a; J) -^rK^\a; J«) -*5>, (22) 

r>l i£T L 
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(24) 



where the families of Gaussian random variables are independent for different r, and 
the real numbers e r decay to zero sufficiently rapidly when r — > oo, to ensure that the 
corresponding free energy is finite. Actually, we will require that {e r } r >i belongs to a region 
R p C M°°, defined precisely in Appendix |Bj characterized by the fact that not only |e r | are 
sufficiently small for r large, but also that 

\e s \ < hi, s > 3. (23) 

In any case, we will be eventually interested in letting all the e r 's tend to zero, so that the 
corresponding terms in the Hamiltonian are actually small perturbations. 

Let P_£ P g (q) be the probability distribution density of qj 2 = Qoic 1 , o~ 2 ) m presence of the 
perturbations. The role of the perturbations in (|22|) is easily understood. Indeed, we will 
see that 

d £ J { r\P, {e}, h) = -pe r {l - E{(qJ 2 y)) = -(3e r (l-J dqP^\q) q r 

where f^'^ift, {e}, h) is the finite volume free energy of the model (|22|) . Then, one has 
Theorem 2. For any choice of ip in and for almost every value of {e}, 

U lim pb,7) (g)= p( P ) (g)) (25) 

where the r.h.s. is the infinite volume quenched average of the probability distribution of the 
full overlap 

9i2 = L- d (26) 
for the "perturbed p-spin mean field model" defined by the Hamiltonian 

H^\a, {e}, h; J) = -K^(a; J) - £ e r K^\a- J«) -h^'i- (27) 

r>l i&T L 

Remarks Theorem |21 shows that for small but finite 7, on the scale of the range of the 
interaction, the overlap probability distribution is close to the corresponding mean field one 
at the same temperature, which is known to be non-trivial at low temperature. Of course, as 
it already happens in non-disordered models, this does not have implications on the possible 
presence of long range order. 

As it is well known [9], at the mean field level the probability distribution of a single 
overlap is not sufficient to give a full description of a spin glass model, and the knowledge 
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of the joint distribution P({q ab }) of the overlaps q ab among any two replicas a, b is required. 
Parisi's theory for the mean field model predicts a highly non-trivial ultrametric structure 
for P({q a b}), whose validity has not been rigorously established yet. It would be possible 
to extend the ideas of the present section, and to show that the joint distribution of the 
local overlaps between several replicas behaves, for 7 — > 0, like the corresponding one for 
the mean field model, but we will not pursue this way. In this case, the perturbations to be 
added are the Kac-type analogs of those introduced in 23^ . 

Finally, let us remark that the convergence in ()25|) is proved to hold only for almost every 
{e}, so that nothing can be said a priori for e = 0, corresponding to the original model 0, 
since the Gibbs averages need not be continuous with respect to the perturbing parameters. 
The same problem arises also at the level of mean field theory (see for instance and is 
a drawback of the the method of stochastic perturbations. 

III. KAC LIMIT FOR THE FREE ENERGY 

Proof of Theorem^ 

First of all, extending the ideas of [1Q], we will prove the lower bound 

f^\(3,h)>f<*\(l,h), (28) 
uniformly in 7 > and L > I/7. To this purpose, let 



Z L (t) = ex V f3 (VtK { ^\a; J) + y/T=tKj*\a; J') + h ^ d J , 
where the families of Gaussian variables J and J' are mutually independent. Then, 



(29) 



' E\nZ L (0) = ff\(3,h) (30) 



(5L d 
and 

-^ rd E\nZ L {l) = ft 1 \^h) (31) 

The t-derivative of the free energy can be written, introducing two replicas a 1 , a 2 of the 
system with the same disorder realization, as 

d 1 pi 7 u\ $ tp \ ST w(p) ( i i,---,ip,l) , 12 1 2 v / p \ 1 { on\ 
-JtjL d L{ ~ )= 2 ^ 1? W 7 ' 1 " "W" <&> L (32) 

\h,-,ip&T L J 



where g i2 is the overlap defined in and the t-dependence is implicit in the Gibbs average 
(.). Thanks to Lemma 121 below and to the translation invariance of the system, ensured by 
the periodic boundary conditions, (J32|) equals 

Now, it is immediate to see that 



v 



( P I xP ~ r y r = ( x + y) p ~ xP ~ p xP ^y ^ ( 34 ) 

for any i,i/6l and p even, so that the derivative in (jHHj) is non-negative, and (|2H|) follows. 
On the other hand, the idea to obtain the upper bound 

lim sup (/?, /i) < (/?, h) (35) 

is to interpolate between the Kac model in the box and a system made of a collection 
of many independent mean field subsystems enclosed in cubes of side £ ^1 ■ The crucial 
point, as in [3], is to choose 

1<^<1/7<L, (36) 

and to let the three lengths diverge in this order. Let us divide Ti into sub-cubes fl n of side 
£, n = 1, • • • , (L/£) d , and introduce the partition function 

z L (t) = ^^P[^K^\a;j) + VT^tj2 £ i!km + h Y,A> ( 3? ) 

which interpolates between the Kac model and a collection of many non-interacting mean 
field models in the different boxes, with independent couplings. In this case, 

1 



ElnZ L (Q) = ti p) ((3,h) (38) 



(3U 

and 



-^- d E\nZ L (l) = f^\p,h) (39) 
while the t-derivative of the free energy is 

d 1 £i»z lW = §*( £ " W(il ' I / i ' :T) («-«)-(i) , Dtf)') 
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where 



(n) 1 1 2 

«2 =^2^ a 



is the partial overlap referring to the n-th box. Defining 



w+ (ni, • • -,n p ;7) = max u? (pj (ii, • • • , z p ; 7), (40) 

'i r ef2 nr ,r=l,---,p 



one has the immediate bound 
d 1 



dt/?L f 



-£<(gr?r> 



t#W" "pJtMS '"?!^) (41) 



and, thanks to Lemma Q below 
d 1 



dt (3U 



ElnZ L (t) < ^(j)e{^ E «'? ) ("i.-^;7)<(«S l) ) p > (42) 



Finally, one employs the property 

lim lim V wJVi, • • • , n„; 7) = r^ 1 ) (43) 

which holds [3] since, in the Kac limit, the potential w^(ii, ■ • ■ , i p ; 7) becomes smoother 
and smoother, so that the sum in (}43|) converges to its Riemann integral, up to the factor 
gd,(p-i) w hich is just the size of the cell in the Riemann sum. Therefore, 

limsuplimsup — — %E\aZ L {t) < 0, (44) 
7^0 l^oo dt [3L d 

from which ()35|) follows, after taking the limit I — ► 00. □ 
Remark The arguments outlined above can be also employed to obtain a new proof of 
the existence of the thermodynamic limit for the free energy of mean field spin glass models, 

ffn n 

independent of the convexity argument developed in |21|] |25J |2y|. Indeed, from the first 
interpolation (|25J| above it follows that 

lim inf lim f^ y) (p,h)> lim sup /} p) (J3,h), (45) 

7^0 L^oo j^qc 
11 



while from ()37|) one obtains 



lim sup lim f^ n) ((3, h) < lim inf f^ p) (/3,h), (46) 

-y_^0 L— >oo I— >oo 

which together imply the existence of the limit in (fTTj) . □ 

Lemma 1. For any even p, and any real numbers e has 

— ±3l >x 1 ---x p . (47) 

P 

Proof One has 

x\ + --- + xi (\ Xl \ + ... + \ x \y 

— £ > ( — —J >\xi\---\x p \>x 1 ---x p (48) 

where the first inequality follows from convexity of the function x — > x p and the second from 
the "arithmetic-geometric" inequality 

Lemma 2. Given numbers r i; i £ Tf,, and defining 

i£T L 

one has for p > 1 



j- d w^{h,---,i p ; 1 )r il ---r ip -M p (49) 

ii, •••,»? 6T& 

1 P / \ r 

= T^ MP ~\) S ^ (r) (^>--- ) v;7)II(- r -- M )- 

r=2 y r J h,-,ireT L s=l 

The proof of Lemma El is postponed to Appendix A. 

IV. THE DISTRIBUTION OF THE LOCAL OVERLAPS 

Proof of Theorem^ 

First of all, it is not difficult to generalize Theorem^ to the perturbed model (|22|) . i.e., 
to prove that 

lim lim f^\(3, {e}, h) = {e}, h) = lim f^\(3, {e}, h). (50) 

7— >U L— >oo L— >oo 

The additional difficulty is the presence of the r-spin perturbations with r odd, whose effect 
can be however controlled, if the parameters {e r } r >i belong to the region R p described in 
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Section III Bl The proof of (|5U|) is outlined in Appendix [Bj Due to the convexity of the 
free energy, the partial derivatives with respect to the perturbing parameters exist almost 
everywhere and 28] 

lim lim d £ J^\(3, {e}, h) = lim lim j~ d E(K^) = lim d £ „/«(/?, {e}, h), (51) 

where the thermal average (.) corresponds to the Hamiltonian (J22|) and therefore depends 
also on p, 7 and {e}. Now, using translation invariance and recalling definitions (JHJ), (fT%|) . 
an immediate integration by parts on the Gaussian disorder shows that 

±E(KM) = -Pe r (1 - E((qJ 2 Y)) ■ (52) 

On the other hand, the r.h.s. of (fBTj) gives the same expression, only with qj 2 replaced by 
the full overlap qi2, and with the Gibbs average replaced by the Gibbs average of the mean 
field model (|27jl . Therefore, one has convergence of the moments of P e ■ (q) to those of 
Pe P \q) in the Kac limit, which implies ()25|). since the (local) overlaps are bounded random 
variables. □ 



V. FROM LOCAL TO GLOBAL ORDER: OUTLOOK AND OPEN PROBLEMS 

The scope of this section is to discuss some perspectives opened by our work. The 
following discussion will have an informal character, with no aim to mathematical rigor. 

The main point of our work is that for small 7 the physics of finite dimensional spin 
glasses is locally close to the one of mean field models. The free energy tends to that 
of the corresponding mean field model and, at low temperature, the Kac model exhibits 
locally a non-trivial distribution of the overlaps on length scales smaller than r y~ 1 . From the 
definition (fTHj) it is clear that, given any two configuration a 1 , a 2 , the local overlap q\ is a 
smooth function of the space index k on the scale 7 -1 . Indeed, one has 

l^i,^) -g/(<7i,<7 2 )| < 2^ WhW 2 7l*-«l- (53) 

The Kac model is therefore an example supporting the possibility, advocated several times, 
that in short range spin glasses replica symmetry breaking describes at least local ordering 
properties. The next relevant question concerns the possibility of long range order. Of 
course local, short range, ordering does not necessary imply global, long range, order in 
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which the global overlaps exhibit non-trivial statistics. In low enough dimension, for all 
positive 7, the system should be a paramagnet at all temperature (see |22j for the discussion 
of the 1-dimensional case), where the overlap distribution is a single 5-function in zero. This 
means that the typical configurations have overlap profiles taking locally the values in the 
support of the mean field overlap probability distribution P ALK (q), but averaging to zero 
on the scale of the system size. Conversely, according to the Replica Symmetry Breaking 
theory (RSB) one would expect that in high enough dimension the distribution of the 
local and the global overlap should coincide. This corresponds to a long range order where 
the overlap profiles dominating the overlap measure are constant in space. 

This observation suggests to define RSB in extended systems in terms of sensitiveness 
to "overlap boundary conditions". Take two copies of the Kac spin glass with the same 
quenched disorder, enclosed for simplicity in the rf-dimensional hypercube of side L. 
Consider now a region of thickness ~ 7 -1 around the boundary of and choose some 
value p in the support of P M ' F \q). The boundary conditions will consist in constraining the 
spin configurations of the two systems so that their mutual local overlap q\ equals p for all 
k in the boundary region. We say that RSB long range order is present if the probability 
that the overlap qo{cr l , a 2 ) 7 around the central site of A^ is different from p vanishes in the 
thermodynamic limit. A mathematical theory of finite dimensional spin glasses should find 
a way to estimate this probability. 

Kac models could give the opportunity of studying this probability in a simplified setting, 
as it happens for the corresponding object in the ferromagnetic case. In ferromagnetic 
Kac systems one can define "block spins", i.e. local magnetization on scales I such that 
1 << / << 7 _1 , and the probability of block spin profiles in space. This probability takes 
for small 7 the form of a large deviation functional "\ with rate function consisting in the 
space dependent mean field free-energy as a function of the profile. This is the starting point 
of a "semiclassical" analysis in which the saddle point treatment of the rate function can be 
used to infer the phase structure of the model for small 7, and in particular the existence of 
spontaneous magnetization and sensitivity to boundary conditions at low temperature. 

In analogy with that, in the spin glass case one can introduce the probability of local 
overlap profiles. The formalism to study that probability within the replica method has 
been introduced in |30] . In that work, an unjustified saddle point procedure was used to 
estimate the free-energy cost of overlap inhomogeneities, which suggested the presence of 
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RSB in dimension greater or equal to d = 3. Straightforward application of that formalism 
to the Kac spin glass model again gives a large deviation theory where the dominant profiles 
are constant in space. The resulting rate function is indeed similar to the one used in j^J, 
thus vindicating a posteriori the saddle point procedure used in that paper. 

Of course, in order to give decisive contributions in the debate about the nature of the 
spin glass phase in finite dimensional systems, these arguments should be put on a solid 
mathematical bases, and the large deviation approach of should receive a justification 
going beyond the replica theory. Progress in that direction will be reported soon jisj ]. 
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APPENDIX A: PROOF OF LEMMA H 

Eq. follows from the following more general identity: for p > 1 and k — 0, - • • ,p, 

™ {p \n, ■ ■ ■ , i P l l)r h ■ ■ ■ r lk (r lk+1 — M) ■ ■ ■ (r ip - M) 



L d 



7? £ MP ~ uA ) (A1) 

T-=max(2,p-/c) y fc + r p J 



x J2 ™ ir) (n,---,*r;i)l[(T ls -M). 

h,---,i r &T L s=l 



Clearly, the identity is trivial for k = 0, and ()49|) follows taking k = p. 
The proof of (jAl|) proceeds by induction on p (for p — 1,2 it is trivial). Suppose the 
identity is true up to p — 1. Then, one has for k > 1 



l - d w {p) (n,---^ P ;i)T ll ---T tk (r lk+1 -M)---(T lp -M) (A2) 



L d 



+ Td- E ™ {P ~ l \^ ■ ■ • , ip-il l)r h ■ ■ ■ r ik _ x (r lk - M) ■ ■ ■ {r ip _ x - M) 
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— d wiP) ^ ■ ■ ■ >%>5 7K • ■ ■r ik _ 1 (r ik - M) ■ ■ ■ (r ip - M) 



L d 

iij—jipeTi, 



r=max(2,p— k) 



k + r — p 



il,—,ir£T L s=l 

where in the first step we used the property (|12j). Repeating k times the trick of replacing 
r ia by (r ia — M) + M, one can finally rewrite (jA2j) as 

1 p 
^ 1 ^-4 / & — w — 1 

w=0 r=max(2,p-fc+ai) \ r P ' K W 

r 

x Y ™ {r) {iu---X;i)J[{Ti a -M). 

h,---,i r eT L s=l 

and it is not difficult to check that this coincides with the r.h.s. of (|A1J) . thanks to the 
identity 

k ±^ p ( k-w-1 \ ( k \ 

Y = • ( A3 ) 

k + r — p — w I \ k + r — p I 



w=0 



□ 



APPENDIX B: PROOF OF EQ. (|5U|> 

We sketch the proof of Eq. (JEDJ), pointing out only the differences with respect to the proof 
in Section ITTTl In view of obtaining the analogue of the lower bound (|28j) . one generalizes in 
an obvious way the interpolation (j2§)) and obtains, in analogy with (jSHJ), the identity 

p 



r =2 \ r / s>3 r=2 \ r 



where 
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All the terms in ()B1|) vanish at least as fast as y 2 , when y — > 0. This implies that, provided 
that 

s 



one has 



£^£ 2 " 

s>3 r=2 



d 1 _ _ . 13^ I P 



< e 



2- 



dt/3L ( 



(B3) 



(B4) 



r=2 \ r 

As for the upper bound, the analogue of (jH| can be conveniently rewritten as 



d 1 

dt/^ 



\ rai,---,n p 



^;7)(?S i) ---?S p) )-E((^ ) n 



s>2 ^ ' \ m,—,n 



^ (J"ni ; ' ' ' ; z'n. 



;7)(gS l) ---g!2 s) )-E((^ ) ) s ) )+o(i), 



where i n is the lattice site situated at the center of the n-th box and the error term o(l) 
vanishes in the Kac limit lim 7 ^ liniL_>oo- Given a set of numbers r^ n \ where the index n 
runs over the cells O n , define the average /i(r^) as 



/i(r 



Then, it is not difficult to realize that 



( .)x _ En^(7l«n|)rW 



E^(7Kn|) 



d 1 



jft ^z,(t) = -^<|M(^ 



2 

2" 



(B5) 



(B6) 



+ o(l] 



+e^ - (m 

s>2 

Now, given a measure and a bounded random variable \q\ < 1, one has for s > 3, 
for some constant £ s independent of /i and q. Then, it is immediate to see that, if 

oo 

E e & <£ 2' 



(B7) 



(B8) 



the r.h.s. of (jB6|) is non-positive. The region R p in Section III Bl is therefore defined by 
conditions (El and (El. □ 



[X] e-mail: franz@ictp.trieste.it 



17 



[f] e-mail: toninell@math.unizh. ch 

[1] M. Kac, G. E. Uhlenbeck, P. C. Hemmer, J. Math. Phys. 4 (2), 216-228 (1963); 4 (2), 229-247 

(1963); 5 (1), 60-74 (1964). 
[2] M. Kac, Phys. Fluids 2, 8 (1959). 

[3] J. L. Lebowitz, O. Penrose, J. Math. Phys. 7 (1), 98-113 (1966). 
[4] M. Cassandro, E. Presutti, Markov Proc. Rel. Fields 2, 241 (1996). 
[5] A. Bovier, M. Zahradm'k, J. Stat. Phys. 87, 311-333 (1997). 

[6] J.L. Lebowitz, A. E. Mazel, E. Presutti, Phys. Rev. Lett. 80, 4701-4704 (1998); J. Stat. Phys. 

94, 955-1025 (1999). 
[7] M. Cassandro, E. Orlandi, P. Picco, Ann. Probab. 27, 1414-1467 (1999). 
[8] A. Bovier, V. Gayrard, P. Picco, Commun. Math. Phys. 186, 323-379 (1997). 
[9] M. Mezard, G. Parisi and M. A. Virasoro, Spin glass theory and beyond, World Scientific, 

Singapore (1987). 

[10] D. Sherrington, S. Kirkpatrick, Phys. Rev. Lett. 35, 1792-1796 (1975). 
[11] D. S. Fisher, D. A. Huse, Phys. Rev. Lett. 56, 1601 (1986). 

[12] A.J. Bray and M.A. Moore, in Heidelberg Colloquium on Glassy Dynamics, eds. J.L. Van 

Hemmen and I. Morgenstern, Springer- Verlag (1986) p. 121. 
[13] CM. Newman, D.L. Stein, J. Phys.: Condens. Matter 15, R1319-R1364 (2003) and references 

therein. 

[14] J. Frohlich, B. Zegarlinski, Commun. Math. Phys. 112, 553-566 (1987). 
[15] A. Bovier, J. Stat. Phys. 91, 459-474 (1998). 

[16] F. Guerra, F. L. Toninelli, J. Phys. A, 36 (43), 10987-10995 (2003). 
[17] S. Franz, F. L. Toninelli, Phys. Rev. Lett. 92, 030602 (2004). 

[18] S. Franz, F.L. Toninelli, Large deviation functional for overlap profiles in short range spin 

glasses, in preparation. 
[19] B. Derrida, Phys. Rev. B 24, 2613 (1981). 

[20] A.C.D. van Enter, J.L. van Hemmen, J. Stat. Phys. 32, 141 (1983). 
[21] F. Guerra, F. L. Toninelli, Commun. Math. Phys. 230 (1), 71-79 (2002). 
[22] S. Ghirlanda, F. Guerra, J. Phys. A 31, 9149-9155 (1998). 

[23] S. Franz, M. Mezard, G. Parisi, L. Peliti, Phys. Rev. Lett. 81, 1758-1761 (1998); J. Stat. Phys. 
97, 459-488 (1999). 

18 



[24] M. Talagrand, C. R. Acad. Sci. Paris, Ser. I 337, 625-628 (2003). 

[25] F. Guerra, F. L. Toninelli, Markov Proc. Rel. Fields 9, 195-207 (2003). 

[26] P. Contucci, M. Degli Esposti, C. Giardina, S. Graffi, Commun. Math. Phys. 263, 55-63 
(2003). 

[27] I.S. Gradshteyn, I.M. Ryzhik, Table of integrals, series, and products, Academic Press, London 
2000. 

[28] A.W. Roberts, D.E. Varberg, Convex functions, Academic Press, London (1973). 

[29] A.C.D. van Enter, J.L. van Hemmen, J. Stat. Phys. 39, 1-13 (1985). 

[30] S. Franz, G. Parisi and M.A. Virasoro, J. Physique I (France) 4, 1657-1667 (1994). 



19 



